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ABSTRACT

This paper offers two new time-domain analysis methods for pe-
riodically switched systems, like converters. The first method
analyses the steady-state periodic behaviour of the system, while
the second describes the transient behaviour. In contrast with
state-space averaging the methods do not use approximations,
so exact resulls are obtained. Moreover, the methods gives more
insight into the dynamical behaviour of the system. This knowl-
edge is useful in designing controllers.

keywords: switching networks, modelling, analysis, Floquet,
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INTRODUCTION

One of the topics of research in modelling and control of elec-
trical drives is the modelling of electrical converters. From a
system theoretic point of view converters belong in the class
of switching systems: they are characterized by the fact that
their operation is based on switches. The system can be in sev-
eral modes depending on the actual state of the switches. In
each mode the system displays a specific dynamic behaviour,
which can be described by a linear model. The state-vector of
these models consists of the physical quantities of the system
(like inductor currents and capacitor voltages) and is therefore
the same for all models. The parameters of the models, how-
ever, depend on the state of the switches, which determine the
interaction between the physical quantities. If the system is op-
erating in a specific operating point, the switching instants are
considered to be known.

We consider systems which are described by piece-wise linear
models with discontinuously changing parameters. Each set of
parameters corresponds to a certain mode of the system deter-
mined by the actual state of the switches in the systern. If the
system contains p switches, the system can be in at most 2”
different modes depending on the state of the switches. Due to
physical restrictions, not all these modes are possible. There-
fore, we state that there are m possible combinations of switches,
and consequently the system has m modes of operation. Each
mode is described by a linear model {4;,b;}:

i(t) = Aiz(t) +b (1)

in which z(t) denotes the state vector (€ R"), A; (n x n) repre-
sents the dynamics of the system and b; (n x 1) is an excitation
term in which e.g. sources can be modelled. The mode of the
system is given by ¢, with i € 1...m (m possible modes).

Further, the system is assumed to have one basic operating fre-
quency with period T. Within a period, the modes are consec-
utive, each having a time interval A¢; or in terms of the total
period T

At = 4T i€l...m ()

The time interval At; is a fraction d; (duty-cycle) of the total
period T. The sum of all time intervals At; equals the whole
period T and 3.7, d; = 1. These definitions are elucidated in
figure 1.
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Figure 1: Definition time intervals

A well-known method to analyse this type of systems is the
method of state-space averaging [1],[2]. State-space averaging is
appealing because of its mathematical simplicity, but gives only
satisfactory results if the operating frequency is high in com-
parison with the dynamics of the system. Also in other analysis
approaches this assumption is made, e.g. [3|. If this assumption
is not valid, exact modelling is required, which is usually very
cumbersome. This situation arises for instance in high perfor-
mance applications where volume and mass are dominant design
criteria. We will introduce a new exact method for calculating
important system properies like the average system behaviour
and harmonics directly from the system equations. This ap-
proach is both elegant and simple and can replace exhaustive
simulations.

The outline of the paper is as follows. First, some basic results
from state-space averaging are summarized. Then, the proposed
method is presented. Further, expressions for the steady-state
behaviour, average state-vector, harmonic components of the
signals and transient behaviour of the system are derived. Fi-
nally, a comparison is made and some conclusions are drawn.

STATE-SPACE AVERAGING

An important tool in analysing switched networks is the method
of state-space averaging [1],[2]. It is used to analyse systems
described by a series of piecewise linear models (1) with constant
duty-cycles (2), as introduced in the previous section.
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The method of state-space averaging approximates the average
system behaviour by the averaged dynamics {A,,,b.,} of the
system:

Aau = Z d"A,' (3)
ba = fj dib; (4)
iav(t) = AavIav (t) + bav (5)

These expressions are valid if the following approximation holds:

eAmdnT gAm_rdm T | A1diT Ard T4+ Amdm T (6)

~ e
The difference between exact value and approximation can be
neglected if T is small in comparison with the dynamics of the
system as defined by the eigenvalues of 4;,i =1,...,m.

Expression (5) gives the evolution of the averaged state-vector
from any initial condition x(t,) to the steady-state value. Thus,
it describes the transient behaviour of the system. From (5),
the steady-state value z,,,, of the averaged state-vector z,, can
be calculated by stating that z,,(t) = 0:

—(Aas) b0y (7

Tav,ss

In the next sections exact expressions for these properties will
be derived.

EXACT ANALYSIS IN CYCLIC MODE

In this paragraph the behaviour of the system in cyclic mode
will be analysed. In classical (stable) dynamical systems the
state-vector converges to a specific steady-state value if the in-
puts of the system are constant. This never occurs in switching
networks. Due to the constant changes in system parameters,
the state-vector of the system will not converge to one specific
steady-state value. The closest analogy to the notion of steady-
state in this kind of systems is the notion of cyeclic mode. A
system is said to be in cyclic mode if the state-vector is peri-
odic with the basic operating frequency of the system. Also the
concept of system inputs must be reviewed. From a control engi-
neering point of view, the inputs of a system are those variables
that can actively be controlled. In the case of switching networks
the control elements are the switches. Thus, the time-intervals
the switches are opened or closed, as determined by the duty-
cycles d;, are the control inputs of the system. Analysing the
steady-state behaviour of a switching network therefore means
analysing the cyclic mode of the system, assuming constant
duty-cycles for each individual mode. The problem is to find
an expression for the periodic behaviour of the system given by

(1) and (2).

The first step to solving this problem is finding expressions for
the evolution of the state-vector z(t). For t;_; < t < ¢; the
solution of (1) is given by

t
z(t) = e"'“""*‘)z(t.-,l) + / eNtp.dr (8)
tiog
So, for every mode 7, the state-vector z(t) at t = ¢; is calculated

from the state at t;_,:

&
M dr (9)

tiy

.’E(t,*) = eAidiT:t(ti_l)‘*‘

TTT I

For simplicity the following notations are introduced:

@.‘ = Q(l,’,i,‘_l) (10)
eMidiT (11)
t;
L= [7 Mg (12)
ti-a
= (eMTI) A (if A, is invertible)  (13)

With these expressions, the state-vector at t; is calculated re-
cursively from the initial condition z(t,).

z(t;) ®;x(t; ) + T, (14)

= O (®i1z(ti2) + Tisy) + Ty (15)

= <I>,-tI>.‘,1z(tp 2) -+ @,‘P,',l + F; (16)
D0y Piz(to) + DDy - BTy +

+eoo+ O + T 17

The periodic solution z,,,(t) of the system is found by stating
that the state-vector z,,,(t+ T) = zp.,(t). For t =t this yields
that z(tn) = z(to+T) = z(to)-

I(tm) = Bn®m_y--1z(to) + BBy - &Ly +
++ 4 ®mlmy + T (18)

So

il

Zper(to) = (I —0m@py--- @) (@ Py BTy +
4o 4 BTy +T0) (19)

This expression can be calculated, but not easily. It contains
many terms that have to be calculated separately. Also, some
of the T';-terms may be hard to calculate, especially if the cor-
responding system matrix A; is singular. :

Therefore, the augmented state-vector method is introduced. A
new, augmented state-vector £(t) (€ R™') and a new system
matrix A (n+1x n+1) are defined, both éontaining dummy ele-
ments. This generates the following augmented system equation
for each mode 1:

G I I L 0 )
1 0 ofo 1
d 2 A
E.’E(t) = A.-z(t) (2])

The *’dummy’ 1 in the state-vector ensures that the original sys-
tem equation is incorporated in the new one. To make sure that
the augmented dummy state remains 1, a row of zeros has been
added to the system matrix fi;.

Just as in the original system, the new state-vector can be cal-
culated recursively from the initial state. The resulting expres-
sions, however, are much simpler, because the new system is
homogeneous. For each mode i the evolution of the state is
given by (22,23), while the transition over a complete period T
is given by (24,25).

2(t) = A4Ta(_) (22)
= ‘i’ii(ti—l) (23)
() = &8, -8 2(t0) (24)
= ‘i’tutf(to) (25)
I - T



It is interesting to note that the structure of the transition ma-
trices ®; incorporates the original matrices ®; and T;:

& = (%‘ I;‘) (26)

The periodic solution of Z,.(t) is again found by stating that
the state-vector after a complete period T must equal the initial
state, thus

iyer(t(] +T) = 6(o(£pcr(t0) = fp,,(to) (27)
0 = (In_H 4étot)ip¢r(t0) (28)
(1" =% | T Zper (o)
o - (Ft) ) @
So,
:Ep"(to) = (I" - ¢h:t)“lrtoc (30)

Using (30), (23) and (8), the cyclic state z,.,(t) can be calculated
analytically for any ¢t.

Average State

As shown it is possible to derive an analytical expression for the
cyclic state of the system. This expression is nice, but unprac-
tical from a control engineering point of view. The reason is
that no clear outputs of the system have yet been defined, nor
any control objective. The expressions for the cyclic state, ele-
gant as they may be, are not a goal in itself. In mathematical
terms the set of system equations and inputs (duty-cycles) is
mapped onto a set of periodic functions, which gives the system
an infinite number of possible outputs: the state-vector on each
instant in the interval T is unique! So, before any control ac-
tion is taken, the actual objectives of the system must be clearly
defined.

Most converters are constructed to synthesize certain voltage
or current forms. Then, the objectives may be formulated as
reaching certain average values, with a maximum on the ripple
of certain variables or certain demands on the harmonics. These
values constitute the control objectives and are thus the outputs
of the system that need to be controlled. Obviously, they are
in close connection with the cyclic state-vector of the system,
but they can not directly be identified as physical states of the
system, rather they are functions of the cyclic state.

A useful characterization of a periodic function is its average
value. Given the expressions for the cyclic state, the average
state z,, will be calculated. This can be done in several ways.
All methods satisfy the definition of average value:
1 fto+T
Loy = — Zper(t)dt (31)
T Je
Substitution of (8)-(19) in this definition is possible, but yields
awkward looking expressions like

_ —Z{ & - D) A7 (I — 8i-1,,9,,) 7"

n
(Z B rkir et D Bii11®rker i) +

k=1 k=i

+ (& — 1) A7 - A:‘b.d«-T} (32)

which are difficult to calculate, even with good mathematical
software like MATLAB. Here also, the trick of state-vector aug-
mentation can be applied.

Consider the following system:
{ #(t) Aiz(t) + b;
o)) = fs(0)
Subsequently, define a new state-vector z(t), incorporating z

and y, with 2(t) = ( ZT(t) 1 yT(¢) )T € R™*'. System (33)
can then be written as

(33)

d I(t) A; |bi |0 I(t)
ol L = 0 [0]o0 1 (34)

y(t) I/T]o]o y(t)
3t) = Az(t) (35)

The matrices A; have dimensions (2n+1) x (2n+1). The first
part of the new state-vector is nothing but the original system.
The second part consists of the new state variables y, and is a
direct translation of the integral (31). To calculate the average
value of the periodic behaviour of the original systern (1), the
integral of z,.,(t) from ¢, to to+T is to be computed. This is
done by calculating z(to+7) from 2(to). The initial state 2(to)
is chosen as

xgsr(tﬂ)
2o) = |__1 . (38)
0

Then, the z part of z will display the periodic behaviour of the
original system, while the y part yields the integral value of =
divided by T over the whole period, which is by definition the
average value:

2(to+T) = ®p®p - B12(t0) (37)
_per\*0) tO

= ( (38)

é.‘ = 8 (39)

This calculation method is much easier than the direct method
as illustrated in (32). It incorporates only m matrix exponen-
tials and m matrix multiplications (given z(¢o)) (which any nu-
merical software package can perform) in contrast to the many
different matrix summations and products of (32).

Remark 1: In this section the average of the whole state-vector
was computed. If only the average value of one or a few elements
is required, or perhaps a linear combination, then system (33)
can be reduced accordingly. If the average of the vector ¢(t) =
Qz(t) (g € R, 1 < n; Q =1 x n) is of interest, then the matrix
I/T in (34) can be replaced by Q/T. The dimensions of A; and
®, reduce accordingly to (n+I+1 x n+l+1).

Remark 2: The exact value of the average state .., as calcu-
lated via (36)-(38), is a function of {A;,b;,d;,T}. In conirast,
the approximated average value z,, .., calculated via (7), only
depends on {4;,bi,d;} and noton T.

Harmonics of Cyclic State

Another important characteristic of the cyclic state is the wave-
form of the different elements of the state-vector. These wave-
forms can be described by the Fourier components of the cyclic
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state. Any periodic function can be decomposed into an infi-
nite series of orthogonal functions. These functions are usually
sines and cosines or complex exponentials. Here, the periodic
state-vector z,.,(t) will be decomposed into complex exponential
functions for reasons of notational simplicity (40). The coeffi-
cients for the sine/cosine decomposition are, however, closely
related to the ones found here (see appendix A).

Naid >
Tper(t) = D cae™t

k=—o00

2%
=— 40
w=2 (40)
The Fourier coefficient vector ¢ can be calculated from (41).

1
(41)

o=z O ettt

k. = T 1o Zperil)e
In (42) the integral (41) is split into separate integrals for each
mode. Also, the state-vector z(t) is replaced by the augmented
state-vector Z(t) in the same way as in (20). This allows sub-
stitution of an explicit expression for the state-vector at t. As
a consequence the vector of Fourier coefficients c; has also been
augmented with a dummy element. This element will be the
Fourier coefficient of the dummy element in the state-vector
and can thus be ignored.

m

6t . .
l Z/ e"'('_"“)iw,(t;,,)c""“"dt
T i~1

i=17¢

& = (42)
The complex exponential is divided into two parts and inte-
grated with the matrix exponential. The result of these manip-
ulations is given in (43).
mort 1 . N .
& = —e"""""*'c""('_"’*')e""“"('_"‘*')i,,,,(t.;l)dt
= T
m

t . P
_ Z/ %e—ykwti_, elAimkol)t-ti-0z (¢, \)dt (43)
ti1

oi(t)

wk(t.‘)

The underbraced term marked v,(t) is the solution of the system
(44) with initial condition (45). The underbraced term marked
wi(t:) is the solution at ¢; of the system (46) with initial con-
dition (47). Note that both v,(t) and w,(t) are complex-valued
functions.

l)k(t) = (fi;—jkwl)vk(t) (44)
viltic)) = Zper(tica) (45)
weft) = %e"i"“"“vk(t) (486)
wk(t.'_.l) =0 (47)

A new fictitious system {Aix,¢e}, with state-vector ¢ (t) =
T
( vl (t) wli(t) ) is introduced:

alu) - (et (i)
Gl(t) = Auea(t) (49)

The vector we(t;) is found from
()~ g (el -

From (43) follows that the Fourier coeflicients vector ¢ is the
sum of all wi(t;)

& = iwk(h) (51)
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Note that for k = 0 system (44)-(47) is identical to (33).

Remark: If the Fourier coefficients of some elements of the
state-vector are not required, the system may be reduced as
described in the remark at the end of the section about the
average state. Here, the matrix £e -] can be replaced by
te~kti-1Q, if the coefficients of the vector ¢(t) = Qz(t) are of
interest.

Minimum and Maximum Value

Determination of the minimum and maximum values of the state
variables is a little more difficult. In general, extreme values of a
function are obtained by stating that the derivative of the func-
tion equals 0. This is impossible in switching networks,. since
the state-vector z,,(t) has a discontinuous derivative. There-
fore each of the time intervals d;T must be considered individu-
ally. For the maximum and minimum value of the state variable
zf,,(t) (k-th element of z,.,(t)) the following holds:
. k _ . k) -
minzg, (t) = min{zg|iel,...

(52)

,m}

m‘axa;:"(t) = max{zf)i € 1,...,m} (53)
with

z¥ = min{zk, ()]t € [ti-1, ti]} (54)

z = max{z,, ()|t € [ty 1]} (55)

The problem is to find the extreme values (54) and (55). There
are two possibilities: either the extreme value lies within the
interval or the extreme value lies on the boundary. Within the
interval the derivative of the state-variables is continuous. An
extreme value therefore implies a zero-derivative and gives an
equation from which the extreme could be solved. Unfortu-
nately, this equation is not analytically solvable, so the solution
can only be obtained numerically.

In most cases, however, the assumption that T is small com-
pared to the system dynamics holds. As a consequence, the
system variables tend to behave linearly with respect to time
within an interval. Then, the extreme value is found on one
of the boundaries of the interval. Finding the extreme values
for the complete period T in that case requires examining the
state-vector z,.,(t;) only at the switching instants.

TRANSIENT TO CYCLIC MODE

In the previous section the system behaviour in cyclic mode was
discussed. The next step is describing the transient behaviour
of the system. For this the Floquet theorem will be used. First
the Floquet theorem will be introduced for homogeneous sys-
tems. Since this result is unsatisfactory for practical systems,
the theorem will be extended to non-homogeneous systems.

Basic Floquet theorem

The Floquet theoremn [4] offers the possibility of exact mod-
elling of systems with periodic coefficients. The theorem can be
applied to systems described by a differential equation of the
following type:
z(t) =

A(t)=(?) (56)




In this equation the function A(t) is a function of time. In
general, the solution of this equation can be denoted as

z(t) = ®(t,t0)z(to)

If A(t) is a periodic function, i.e. A(t) = A(t+7T), the following
definitions yield interesting results:

(57)

Let K be defined by
KT = @(to+T,t0) (58)

Consequently, K = -}log ®(to+T,to). Subsequently, let F(¢,t0)
be defined by

Fit,t)) = ®(t,to)e 0~ (59)
Thus Q(t,to) = F(t’to)ek(t*'n).

The Floquet theorem says that the matrix function F(t,t;) is
periodic with period T, so F(t+T,to) = F(t,to).

Proof:
F(t+T,tg) = ®(t+T,t)e KE+T-t)
B(t+T,t0+T) B(to+T,to)e KT e K(t-to)
B(t, o) I
= ®(t,1g)e o)
F(t,t0)

®(t,tg) = ®(t+T,to+T) since A(t) = A(t+T). With these
definitions the state-vector z(t) can be denoted as

=z(t) ®(t,t0)z(to)
B(t, to) e~ KU-tedeKlt=tol (1)
F(t,to)e* )z (to)

I(t) =

This result shows that the expression for the state-vector of a
system represented by a set of homogeneous periodic differential
equations (56) consists of three parts:

(60)

e F(t,t), a periodic function with period T. This function
represents the periodic part A(t) = A(t+T) of the system.

o ¢X(t-t) an exponentially damping function. This function
represents the average dynamic behaviour of the system.

o z(tp), the initial state-vector of the system.

Extended Floquet theorem

The results of the standard Floquet theorem are not directly
applicable to switching systems of type (1). The differential
equations of the switching system considered in this paper are
non-homogeneous, so they incorporate some exitation terms b;
in their description. This is not the case in standard Floquet
theory. Therefore, we have extended the theorem to cope also
with non-homogeneous systems. Consider the following non-
homogeneous, periodic differential equation:

i(t) =

A(t)z(t) + b(t) (61)

with A(t) = A(t+T) and b(t) = b(t+T). The solution of (61) is
given by

2(t) = ®(t,to)z(to) + Q(t,to)/“Q-'(T,to)b(r)dr (62)

The periodic solution z,,,(¢) of (61) is computed from (62) by
stating Zper(to+T) = Zper(to). This yields

Tper(to) = (I — ®(to+T,t0)) " ®(to+T,to) -
[ 8 )bl (63)
2alt) = B(t,t0) (a:p,,(to) + /‘:ﬁ“(r,to)b(r)dr) (64)

Using the Floquet definitions (58) and (59) the following expres-
sions for the state-vector are derived:

o) = 2(t,t0) (alto) + [ 8707, t0)b(r)er)
= Q(t,to)fﬂ(to) - q’(t,to):tp"(to) +
(2, to)per (t0) + B(t, to) /‘ " ®1(r, to)b(r)dr
Zper(t)

F(t’tO)CK("t")(z(tO) - zper(to)) +1per(t)

— 0, for t — oo

2(t) = (65)

This result shows that the state-vector of a system described by
(61) consists of two parts:

o F(t,to)eXt=t)(z(to) — zper(to)), 2 damping term describing
the transient behaviour from a generalized initial condition
(z(to) — zper(to)) to zero.

e ,.,(t), a periodic function with period T. This term repre-
sents the periodic behaviour of the system in cyclic mode.

So, for t — oo z(t) approaches z,,,(t), the state-vector in cyclic
mode. Because F(t,1o) is also a periodic function, the dynamics
of the transient are fully determined by e¥(¢~*): the eigenvalues
of the matrix K determine the transient behaviour!

EXAMPLE

IL,—

s\] 1.: % [o

Figure 2: Boost converter

In this paragraph the methods outlined in the previous sections
will be illustrated. As an example we have chosen the boost
converter (figure 2). If the switches are considered ideal, the
converter is described by the following equations:

0 = (%)
i(t) = ( _R%C %)x(t)+(
; 7o g)a:(t)+(

For this example we take R = L = C = 1. The period T =2s
and the duty-cycles d; = d; = 0.5. The source voltage is 20 V.

(66)

) switch open (67)

EO o
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—
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=
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) switch closed (68)
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Then the matrices 6. and &, are calculated from (22):

0.1262 0.5335 6.8060

$, = | -0.5335 0.6597 17.4761 (69)
0 0  1.0000

R 0.3679 0 0

$, = 0 1.0000 20.0000 (70)
0 0  1.0000

Using (30) and (23) the transition points of the periodic solution
of z(t) are found:

z(to) = (19.1219 80.1483 )7 (71)
z(t;) = (51.9788 60.1483 )T (72)
Application of (38) with
0.0464 0.1963 2.5038 0 0
; ~0.5335 0.6597 37.4761 0 0
b = 0 0 1.0000 0 0
0.3066 0.3388 3.4130 1.0000 0
—0.4369 0.7668 18.4030 0 1.0000
and
T
2(t)) = (191219 80.1483 1 0 0) (73)
yields the average state:
Te = (364284 71.5026 )7 (74)
Zaves = ( 40.0000 80.0000 )* (75)

The average value has also been calculated via state-space av-
eraging. For this particular choice of parameters, the difference
between the exact solution and the approximated value is about

10%.

The Fourier coefficients are found from (50) and (51) yielding

G = eMudT (5510 0) +
et+4T (2, 1.0 0 )T

The results for k = 1,...,10 have been listed in the table 1.

(76)
(77)

k Four. coeff u¢ Four. coeff 1;,

1 | —6.5609 + 2.76455 4.1506 + 1.0473;
2 | ~0.2740 — 0.0215; —0.4093 + 0.1082;
3 | —0.7832 + 0.10245 0.4066 + 0.0411;
4 | —0.0646 — 0.00315 —0.1036 + 0.0134;
5 | —0.2835 + 0.02217 0.1449 + 0.0089;
6 | —0.0284 — 0.0009; —0.0462 + 0.0040;
7 | —0.1448 + 0.00815 0.0737 + 0.00335
8 | —0.0159 — 0.0004; —0.0260 + 0.00173
9 | —0.0877 4- 0.00387 0.0445 + 0.00157
10 | —0.0102 — 0.00025 | —0.0166 + 0.0009;

Table 1: Fourser coefficients

The dynamics of the transient behaviour can also be calculated
for both state-space averaging and the proposed method. Using
(5) and (58), the eigenvalues are calculated:

eigenvalues(e4+"T) = 0.3679 + 0.0000;
KT) = 0.3531 % 0.1034;

(78)

eigenvalues(e (79)

Again, the differences between state-space averaging and the
exact values are significant.
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COMPARISON

Up to now, a number of different ways for calculating properties
of the state-vector z(t) of a system of a switching network have
been described. If a system description as given by (1)-(2) is
adopted, the system exhibits two types of behaviour:

o cyclic behaviour. The state-vector is a periodic function
Zper(t) with period T. This function is found by stating
that z,,(t+T) = =z,.,(t) for any t. If the system is in
cyclic mode, several characteristic properties of the periodic
state-vector can be calculated: average value, harmonics,
extreme values.

transient behaviour. If the system is not in cyclic mode,
it will display a transient behaviour from z(fc) towards the
cyclic mode, as described in (65). In controller design it is
useful to know the dynamics with which z(t) converges lo
the periodic z,,,(t).

In table 2 the two discussed analysis methods, state-space aver-
aging and exact modelling, are mentioned with their capabilities
to calculate z,.,(t), Zas, the Fourier coefficients and the extreme
values of z,.,(t).

Four. coeff.

+

Zay

Tper(t)

;’2

~

+

State-space averaging
Exact modelling

+

~
~

Table 2: Comparison methods in cyclic mode

Clearly, the proposed method gives more information concerning
the periodic state-vector z,,,(t).

With state-space averaging, the transient is [ully determined
by Ag, and b,,, as illustrated in (5). However, (5) is only an
approximation in which the dynamics are fully determined by
the eigenvalues of A,,. The description of z(?) via the extended
Floquet theory, as elucidated in (65), yields an exact and appro-
priate way for analysing the transient behaviour of z(t). Here,
the dynamics are determined by the eigenvalues of the Floquet
matrix K.

dynamics exact
State-space averaging Ay no
Floquet K yes

Table 3: Comparison methods in transient mode

In table (3) some characteristics of both methods are summa-
rized. Again, state-space averaging yields only approximate re-
sults, while the Floquet expression (65) offers an accurate desrip-
tion of the transient dynamics.

CONCLUSIONS

There are several ways to analyse switching systems. State-
space averaging is mathematically simple, but offers only an
approximation of the transient behaviour of the system and the
average value of the state-vector z(t) in steady-state. Two new




exact modelling methods have been proposed. With these meth-
ods the average value, Fourier coefficients, extreme values and
the transient behaviour of the system can be obtained analyti-
cally. The proposed methods are very well suited for accurate
analysis of switched networks with fixed duty-cycles.

APPENDIX A

00 00

o . ) »

E et = ¢o+ E (c,,e""‘" + c_xe """‘)
k=1

k=—o00

= e+ {c,,(cos kwt + 7 sin kwt)+
k=1

+c_g(cos(—kwt) + js'm(—kwt))}
= ¢+ i {(ck +¢_y) cos kwt+
k=1
+ (ex — c-x)ssin kwt}
= ¢o+ i (ax cos kwt + by sin kwt)
k=1

with a; = 2Re(c;) and by = —2Im(cs).
References

(1] R.D. Middlebrook and S. Cuk, ”A general unified ap-
proach to modelling switching power converter states”,
IEEE PESC, 1976, pp. 18-34.

(2] G.C. Verghese, M. Ili¢-Spong and J.H. Lang, "Modeling
and control challenges in power electronics”, Proc. 25th
Conference on Decision and Control, 1986, Greece.

[3] H. Sira-Ramirez and P. Lischinsky-Arenas, ”Dynamical
Discontinuous Feedback Control of Nonlinear Systems”,
LE.E.E. Transactions on Automatic Control, Vol. 35, nr.
12, 1990.

{4

V.A. Yakubovich and V.M. Starzhinskii, ”Linear differen-
tial equations with periodic coefficients”, John Wiley and
Sons, New York, USA, 1975.

(5] "PC-MATLAB User’s Guide”, The MathWorks, Inc., Sher-
born, MA, USA, 1987.

TTT ' T mTT




